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A wide range of quasi-one-dimensional materials, consisting of weakly coupled chains, un-
dergo three-dimensional phase transitions that can be described by a complex order parameter.
A Ginzburg-Landau theory is derived for such a transition. It is shown that intrachain fIuctua-
tions in the order parameter play a crucial role and must be treated exactly. The efFect of these
fluctuations is determined by a single dimensionless parameter. The three-dimensional transition
temperature, the associated speci6c heat jump, coherence lengths, and width of the critical re-
gion, are computed assuming that the single-chain Ginzburg-Landau coefBcients are independent of
temperature. The width of the critical region, estimated from the Ginzburg criterion, is virtually
parameter independent, being about 5—870 of the transition temperature.
I. INTRODUCTION
A. Motivation
Crystals consisting of linear molecular chains can
have highly anisotropic electronic properties. Many
of these quasi-one-dimensional materials undergo finite-
temperature phase transitions. Detailed experimental
studies in the 1970s of the charge-density-wave (CDW)
transition in materials such as KCP and TTF-TCNQ
(Ref. 1) stimulated work on the theoretical description of
phase transitions in quasi-one-dimensional materials.
Unfortunately, due to the limited quality of samples it
was not possible to make a quantitative comparison of
experiment with theory. In the past decade, a whole new
range of quasi-one-dimensional materials, many in high-
purity single crystals, have been synthesized. Examples
of new materials are the CDW material Ko sMoOs (blue
bronze), the Bechgaard salt (TMTSF)2PFs, s that under-
goes a spin-density-wave (SDW) transition, thin wires
of superconducting lead, and an inorganic compound
CuGe03 that undergoes a spin-Peierls transition. Fur-
thermore, high-quality experimental data on these
crystals opens the possibility of making a quantitative
comparison of experiment with theory. For example, re-
cently anomalies in the specific heat, Young's modulus,
thermal expansion, and magnetic susceptibility close to
the three-dimensional CDW transition in Ko 3Mo03 were
all precisely measured on the same single crystal.
Fluctuations in the order parameter are extremely im-
portant in these materials. In a strictly one-dimensional
system with short-range interactions there are no phase
transitions at finite temperature because fluctuations in
the order parameter destroy long-range order. ' Conse-
quently in a real quasi-one-dimensional material a finite-
temperature phase transition only occurs as a result of
the weak interchain interactions. Hence, a complete the-
ory must treat fluctuations along the chain carefully and
also include the interchain interactions. On the other
hand, in most materials the three-dimensional transition
temperature, T3D, is clearly defined and the width of the
critical region is only a few percent of T3D. Hence, a
three-dimensional Ginzburg-Landau theory should accu-
rately describe the transition, except in a narrow tem-
perature range.
The purpose of the present paper is to provide a com-
plete derivation of a Ginzburg-Landau theory describing
the three-dimensional ordering transition of a quasi-one-
dimensional system with a complex (i.e. , two-component)
order parameter. Such an order parameter describes su-
perconductors, charge- and spin-density waves (which are
incommensurate with the lattice), and a spin-Peierls sys-
tem in a large magnetic field. Particular attention is
given to examining the validity of the assumptions and
approximations made in previous work. This work
is the continuation of a larger program of examin-
ing the eKect that lattice fluctuations have on electronic
properties of CDW compounds. Recently, the role of or-
der parameter fIuctuations in the blue bronze and the
Bechgaard salts was considered by Castella, Baeriswyl,
and Maki. Schulz and Bourbonnais have considered
quantum fluctuations in the phase of the order parameter
in quasi-one-dimensional superconductors.
B. Overview
The Ginzburg-Landau &ee energy functional Eq[P] for
a single chain with a complex order parameter P(z),
where z is the coordinate along the chain, is
In this paper the coefFicients a, b, and c will be treated
as phenomological parameters. For a specific system
these coefFicients can be calculated &om microscopic
theory
Due to fluctuations in the order parameter this
system cannot develop long-range order at finite
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temperature. ' Furthermore, the values for the coef-
Gcients a, 6, and c given by the simplest microscopic
theories predict that the Buctuations are important over
a temperature range comparable to the single-chain
mean-Geld transition temperature. To describe a finite-
temperature phase transition, a set of weakly interacting
chains are considered. If P;(z) is the order parameter on
the ith chain the free energy functional for the system is
&[4(z)1 = ):+ [&'(z)l —) J', ««[4;(z)*4,(z)],
(2)
where J,
~
describes the interchain interactions. In most
of this paper it will be assumed that the interchain inter-
action J;~ is nonzero only for nearest-neighbor chains and
that its value is J /4 and J&/4 in the x and y directions,
respectively. A mean-Geld treatment of this functional
will not give accurate results due to the large intrachain
ffuctuations (see Sec. III). This problem is solved by inte-
grating out these Quctuations to derive a new Ginzburg-
Landau functional with renormalized coefBcients,
d'x A
/
C /' +B
/
C
f
B4 BC B4
+C. +C„+C.Bx 6g Bz
where a~ and a& are the lattice constants perpendicu-
lar to the chains. The new order parameter 4(x, y, z),
is proportional to the average of P;(z) over neighboring
chains [see Eq. (42)]. The three-dimensional mean-field
temperature T3D is defined as the temperature at which
the the coefficient A(T) changes sign. Close to TsD
The goal of this paper is to derive the functional (3)
and find expressions for the transition temperature T3D
and the coefBcients A', B, C, C„, and. C in terms of the
interchain interaction J,.
~
and the coeKcients a, b, and c
of a single chain.
The coeKcients determine measurable quantities asso-
ciated with the transition such as the specific heat jump,
coherence lengths, and width of the critical region. The
specific heat jump per chain at the transition is given by
(A')'AC= ——
The specific heat jump per unit volume is AC3D
AC/(a a„). In the Gaussian approximation the corre-
lation length parallel to the chains is given by
where (0, is the longitudinal coherence length defined as
C
A'
The correlation and coherence lengths perpendicular to
the chains are given by similar expressions.
The Ginzburg criterion gives a rough estimate of the
width, LT30, of the 3D critical region.
AT3D ].
At3D = e
T3D ~2(ir++3D(xO(yO(zo)
This paper establishes the striking result that most of
the physics is determined by a single dimensionless pa-
rameter
2(bT) 2
A brief argument is now given to show that K is a mea-
sure of the Huctuations along a single chain. The rms
fluctuation in the single-chain order parameter (~ P ~ ),
calculated in the Gaussian approximation is T/2( ~ac~) ~ .
The magnitude of the order parameter, calculated in the
mean-field approximation, $0, is given by $20 —~a~/26.
Hence, r = 2((~ P
~
)/Po) and so is a measure of the
importance of fluctuations. The strength of the inter-
chain interactions determines the value of K at the three-
dimensional transition temperature.
The general approach that has been taken previ-
ously ' when deriving a Ginzburg-Landau functional
for the three-dimensional transition is to treat the inter-
chain interactions in the mean-field approximation and
then solve the resulting one-dimensional problem treat-
ing the fluctuations along the chain in the lowest-level
approximation (see Appendix A2 for a definition). In
this paper the interchain interactions are also treated in
the mean-Geld approximation but the Huctuations along
the chain are treated. exactly. This paper is confined to
a mean-field analysis of the functional (3). In Sec. IV
it is shown that this is justified. except in a narrow tem-
perature range very close to T3D. However, it should be
pointed out that one could perform a sophisticated renor-
malization group analysis for the functional (3) such as
that due to Chen and which has been recently used in
the analysis of specific heat measurements on the CD&
compound Kp 3MO03. The &ee energy functional that
is derived here could be used as the input to such an
analysis.
The outline of the paper is as follows. Table II con-
tains a summary of the symbols for the important quan-
tities for a single chain and for a three-dimensional sys-
tem of weakly interacting chains. Section II describes
an exact treatment of the Quctuations in a strictly one-
dimensional system. Section III contains a complete
derivation of the coeKcients in the Ginzburg-Landau
functional (3). In Sec. IV it is assumed that the single-
chain coeKcients a, 6, and c are temperature inde-
pendent. The three-dimensional transition temperature
is calculated as a function of the interchain coupling
(Fig. 1). The values derived for the coefficients A', B, C,
C„, and C, are used to calculate the specific heat jump,
coherence lengths, and width of the critical region at the
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three-dimensional transition (Figs. 2 and 3). The striking
result is established that the width of the critical region is
fairly independent of any parameters, At3D 0.05—0.08.
Sections II and III can be omitted by readers not inter-
ested in technical details. The Hartree, Hartree-Fock,
and lowest-level approximations for the Huctuations that
have been given in previous work are described in the Ap-
pendix. It is shown that the lowest-level approximation
is only reliable for ~ ( 10 (Figs. 4 and 5). In Table
I very rough estimates of ~ for various CDW materials
give K & 10, showing that they are well outside the
regime of validity of the lowest-level approximation.
0.4
0.3
0.2
0.1
II. ONE-DIMENSIONAL GINZBURG-LANDAU
THEORY
The mean-field treatment of one-dimensional
Ginzburg-I andau theory is described before an exact
treatment of the order-parameter Huctuations is given.
0.05 0.1 0.15 0.2
TABLE I. Order of magnitude estimate of the Quctu-
ation parameter e in several materials that undergo a
three-dimensional charge-density-wave transition. The intra-
chain coherence length (o„measured by x-ray or neutron
scattering, and the single-chain coherence length (o are used
to estimate the value of the Quctuation parameter e at the
three-dimensional ordering transition [see Eq. (66)j. (o is es-
timated from the Fermi velocity vF and the zero-temperature
energy gap b, (0), using Eq. (67), based on the simplest micro-
scopic theory. The estimates of (o„v&, and (o are probably
only accurate to within a factor of 2. Consequently, the es-
timate of e is only accurate within an order of magnitude.
Nevertheless, clearly all these materials lie outside the regime
of validity (x & 10, see Fig. 5) of the lowest-level approx-
imation (see Appendix A 2) and so an exact treatment of the
intrachain Quctuations of the order parameter is necessary.
Also note that these values of K can be used to estimate the
values of J/~a~ and they are in roughly the same regime as
considered in Figs. 3—5.
FIG. 1. Dependence of the three-dimensional transition
temperature T3D and the Quctuation parameter e on the in-
terchain coupling J. It has been assumed that the single-chain
Ginzburg-Landau parameters a, b, and c are independent of
temperature. The reduction of T3D below the mean-field tran-
sition temperature To for a single chain also depends on the
width of the one-dimensional Quctuation region AtqD.
Material
K0.3Mo03
(TaSe4) zI
KzPt(CN)4Bro. s
TSeF-TCNQ
(o.
15
60
100g
30
VF
10 m/sec
2.0b
14
10h
0.15'
b, (0)
meV
100
200
100'
10k
(o
10
15
2
0.2
0.1
0.1
0.02
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FIG. 2. Dependence of the specific jump per chain AC
and the longitudinal coherence length (o, on the interchain
coupling J. It has been assumed that the single-chain
Ginzburg-Landau parameters a, b, and c are independent of
temperature. The longitudinal coherence length is normal-
ized to the single-chain coherence length go defined by (15).
Note that for moderate interchain coupling (J ) 0.05[a~) the
specific heat jump is determined solely by the the single-chain
coherence length t'o.
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TABLE II. Summary of symbols for the important quantities for a single chain and a
three-dimensional (3D) system of weakly coupled chains. The items in parentheses refer to rel-
evant equations and figures.
Quantity
Order parameter
Ginzburg-Landau
free energy
Mean-field
transition temperature
Ginzburg-Landau
coeKcients
Specific
heat jump
Intrachain
coherence length
Fluctuation
region width
Single chain
4'(z)
(1)
a, b, e
ACgo (14)
(. (15)
Zt, o (16)
3D
4(x, y, z) (42)
(3)
T3D « &o (Flg. 1)
A, B, C, C„, C. [(48)—(51)]
AC [(59), Fig. 2]
(p. [(60), Fig. 2]
At» [(64), Fig. 3]
G
Vo —=—V[4o] = —.46
The jump in the specific heat at the transition is
(i4)
An important length scale is the coherence length (o,
de6ned by
The one-dimensional Ginzburg criterion provides an es-
timate of the temperature range, LTqD, over which crit-
ical Huctuations are important:
ETgD ( 6 To 5 1
(aI3l2el/2 ) (2( QQ )2/3
There are several serious problems with a mean-field
treatment. First, it predicts a finite-temperature phase
transition. Second, the simplest microscopic models give
1, suggesting that the neglected fIuctuations
play an important role over a very broad temperature
range. An exact treatment of these Huctuations is now
given.
Fxf4'I = &o f« —2 I 0 I' + I 0 I" +
assuming that T & Tg. Scalapino, Sears, and Ferrell
showed that a transfer matrix method could be used to
reduce the problem to that of diagonalizing a transfer
matrix Hamiltonian Hq, . This involves a cylindrically
symmetric Schrodinger-like equation with a single com-
plex degree of freedom 8 = pe'&,
&02 10H„4 = —~I, + ——+ —, , ~ —2p +pp ~p p' ~w')
xC (p, p) = A 4' (p, rp).
The eigenvalues A only depend on the dimensionless
parameter K.
As discussed in the Introduction v is a measure of the
size of the fluctuations in the order parameter, and de-
Bned by Eq. (9). r is central to this paper. It is shown
in Sec. IV that the value of v at the three-dimensional
transition temperature determines physically important
quantities such as the specific heat jump. For the case
of a real (i.e. , one-component) order parameter the im-
portance of K was emphasized previously by Bishop and
Krumhansls (y. corresponds to 2@2 in their paper) and
Dieterichs (~ corresponds to 4/n2 in his paper).
The partition function (17) for a system of length L is
B. Exact solution Z
= ) exp( —LVoA /T).
The goal is to evaluate the functional integral for the
partition function Z of a system with the Ginzburg-
Landau &ee energy (1),
Consequently, in the thermodynamic limit, the free en-
ergy per unit length equals VOTO. The order parameter
correlation function is
Z= d z exp —Fq z T .
It is convenient to rescale the order parameter P(z) -+
P(z)/Po and write the functional (1) as
x e~p
I
——Vo(A~ —Ao) IT )
which at large distances becomes
(21)
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&4(~)4(0)*) = & I &@ilsl@o) I exp I ——I6j' (22) u„,(0) = o.Normalization of the wave function requires that
Vp (Ai —Ap)
c i(2 1
The Fourier transform of the correlation function defines
the static linear susceptibility
(24)
where (i is the correlation length given by the separa-
tion of the lowest two eigenvalues of the transfer matrix
Hamilt, onian
) - I &u-, ilpluo, o& I'
,
1 AO, O
(31)
I
u.
,~(p) I' ~p =1.
0
The integrals over the angular variable p in the matrix
elements in the susceptibility (26) can be performed ex-
plicitly. The function f(K) in the susceptibility (26) then
reduces to
For small q it is of the form
Xi(0)Xi (1)
This expression has been evaluated numerically by solv-
ing the eigenvalue equation (28) numerically. 2s The re-
sults are shown in Fig. 4. To check the numerical results
use was made of the sum rule
where ) .(A. , i —Ao, o) I &u-, ilpluo, o& I'= 1 (32)
( )
2+'o )- I &@-lsl@o& I' 4 f(„)
Vo - A —Ao Ial (26)
4'„g(p, p) = "' exp(ill), E = 0, +1,+2, . . . . (27)
and a dimensionless function, f(r), that only depends on
the Huctuation parameter ~ has been introduced.
Due to the cylindrical symmetry of the potential V(s)
the eigenfunctions can be writ;ten in the form
which can be derived using standard arguments.
It is useful to consider the eKect of an external poten-
tial 4 on the system. Let A(4) be the energy of the lowest
eigenstate of the transfer operator Ht, +s4*+s*4, where
Ht,, is given by (19). Second-order perturbation theory2s
shows that the static linear susceptibility yi(0) is given
by
Equation (19) reduces to the one-dimensional
Schrodinger-type equation
P~~ 02A(C')
v, acme* 4=0
(33)
d2 K(E2 —-')
Kd, + — ' —2p'+ p' u-, ~(p) = A. ,~u, ~(p).
(28)
In order for the system wave function to be 6nite at
the origin the radial wave function satisfies the boundary
condition
The third-order nonlinear susceptibilit;y is
y4 a4A(e)
4+3 g@2gc g2 4=0
Expanding the Brillouin-Signer perturbation theory ex-
pression for A(4) (Ref. 28) to fourth order in I@i gives
Vo (A —Ao) (A„—Ao) (Ap —A p)
7P
+24o - &@oIsl@-&&@-lsl@-)&@-is*i@~)&@~Is'l@o&
(A —Ao)(A —Ao)(A, —Ao)
1 fI
16b
-V:"('))- (A -A)m (35)
As for the linear susceptibility the above expression can be simpli6ed by using the factorization of the wave function
(27) and performing the integrals over the angular variable y in the matrix elements. The dimensionless function
g(r), defined in (35), only depends on the fluctuation parameter e and is given by
)- &~o,ol pl~-, i& &u-, il plu-, o& &~-,ol pl~~, i& &~p, il pleo, o&(A i —Ap 0) (A p —Ao p) (A& i —Ao p)
7P
) &uo, olplurn~l& &um, llpl~n, 2& &~-,2 lpl~, , i& &~,, ilpl~o, o& ) . I &u~, ilpl~o, o&(A i —Ao o) (A 2 —Ao P) (A i —AP o) (A ] —AP P) (36)
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The functions f(rc) and g(K) will appear in the expres-
sions for the coeKcients of the Ginzburg-Landau func-
tional for the three-dimensional transition.
In summary, the free energy per unit length in the
presence of an external field C, Ei[C], is, to fourth order
in IC I,
Ei[C'] = Vo&(0) —xi(0) I @ I' —xs I C I'.
If the external field is slowly varying in space 4(z) then
the quadratic term is replaced with
ing out the order parameter fluctuations along the
chain exactly and treating the interchain interactions
in the mean-Geld approximation. Since this treatment
(over) emphasizes the one-dimensional fluctuations its
regime of validity is considered briefly in the Conclusion.
Before proceeding with the derivation a rough estimate is
made of how small the interchain interactions must be in
order for a mean-field. treatment of the anisotropic func-
tional (2) to be invalid. Taking the continuum limit of
(2) and using the three-dimensional Ginzburg criterion2s
gives
4 (z) ' f dz'y, (z —z') 4 ]z') &tsD -——,(&tiD) J J .vr y (»)
= @(z)* —»(~)C'(~)e"'
27C
= ~(z)* —»(0) (1 —~'&i) C'(~)""
27C
=
~.(0)+(.)* I +(.)+&,', ,.~'~(z) &l Bz
where the long-wavelength expression (25) has been used.
Hence, if At~D 1, as predicted by the simplest mi-
croscopic theories, and if J J„(0.3a' (the regime
considered in this paper) then AtsD ) 1 and a mean-field
analysis will give poor results.
The treatment given here is similar to the derivation
of the Ginzburg-Landau functional for the Ising model
by Negele and Orland. The partition function for a set
of chains is
III. DERIVATION OF A THREE-DIMENSIONAL
GINZBURG-LANDAU FUNCTIONAL
Z= II;d; z exp —F; z T, (40)
In this section a new three-dimensional Ginzburg-
Landau free energy functional is derived by integrat-
I
/1
exp —) J;~ dz Re[/;(z)*P, (z)]
~)2
where the free energy functional E[P,(z)] is given by
(2). The interaction term is replaced with the following
Gaussian integral:
=A II;dC; z exp —T J, dzaeC, z 'C~ z + dzae, z *C; z, 41
~$2 't
where A is a normalization constant. The new field 4, (z)
will be used below as the order parameter to describe the
three-dimensional transition. It follows from (40) and
(41) that where
Z= II;d4; z exp —EC; z T, (43)
(~.( )) =;).J., (~, ( )) (42) P[C;(z)] = ) Pi[4;(z)] + T ) J,, '
x dzReC; z *4~ z (44)
Hence, the new order parameter is the average of
the single-chain order parameter P~(z) over neighboring
chains. The new expression for the partition function has
the desirable feature that there are no interchain interac-
tions involving the order parameter P, (z). Consequently,
the results of Sec. IIB can be used to integrate exactly
over the fluctuations in P;(z) along each chain. The par-
tition function is now a functional integral over the new
order parameter 4, (z) which has a free energy functional
E[@'(z)]
exp —Ei 4 z T = d z exp
d-) J dzae]d(z)'e(z)]
(45)
and Ei[4(z)] is the &ee energy of a single chain in the
presence of an external field O(z),
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Up to this point the analysis is exact. A mean-field anal-
ysis of the functional integral {43) will now be given. In
the next section it is shown that this is justified except in
a narrow temperature range very close to T3D. However,
it should be stressed that one could perform a sophisti-
cated renormalization group analysis of (43). The free
energy functional that derived here could be used as the
input to such an analysis.
Close to T3D, the three-dimensional transition temper-
ature the new order parameter C', (z) will be small and
slowly varying in space. Hence Pq[C'(z)] can be evalu-
ated in a perturbation expansion in 4(z) and a gradient
expansion.
Use is now made of the results from Sec. IIB. Let
A(4) be the energy of the lowest eigenstate of the transfer
operator Ht, , + sC* + s'C where Ht, , is given by (19).
The &ee energy per unit length of a single chain in the
presence of a slowly varying field 4'(z) is
R[c'(z)] = Vp~(0) —X.(0) I I ~ I' -(l
(46)
where yq(0) is the static linear susceptibility of the sys-
tem given by (26) and gs is the third-order nonlinear
susceptibility given by (35).
Near the three-dimensional transition temperature the
continuum limit perpendicular to the chains [4,(z)
e (x, y, z)] can be taken. Assume that the interchain in-
teraction J;~ is nonzero only for nearest-neighbor chains
and that its value is J /4 and J&/4 in the z and y direc-
tions, respectively. Then the interchain interaction term
in (44) becomes
(47)
1
A = ——yg(0),J (48)
&= —X3 (49)
where a and a„are the lattice constants perpendicular
to the chains and J = z(J + J„).The final free energy
functional {44) is of the form (3) with coefficients
and Dieterich6 also made this assumption. It is an open
question as to how realistic this assumption is for difer-
ent microscopic models of the CD& transition.
First, this assumption allows us to rewrite K in terms
of the width of the one-dimensional critical region ACED
{Ref. 25) and evaluate the three-dimensional transition
temperature as a function of the interchain coupling
(Fig. 1). Roughly
2a J
4J2 '
&. = »(0)4.
(50)
{51)
(52)
(TsD l 1.5J
q Tp ) [a[AtsD
This is a useful relation because it gives a criterion
J « ~a~Ats»
(55)
(56)
The three-dimensional mean-Geld temperature T3D is de-
fined by the vanishing of the coeKcient A,
1 = Jyg(0), (53)
J
4f[-(~. )] (54)
The relationship between the interchain coupling J and
the value of K at the three-dimensional transition defined
by this equation is shown in Fig. 1.
where the right-hand side depends on temperature. This
equation can be written in the dimensionless form
for how weak the interchain coupling must be in order
for the three-dimensional transition temperature to be
substantially less than the single-chain mean-Beld tem-
perature To.
The coefficient A' {which determines the specific heat
jump and the coherence lengths) depends on the K depen-
dence of f(v) and the T dependence of the fiuctuation
parameter K
1 dlnyq(0)
J dlnT
IV MEASURABLE QUANTITIES AT THE
THREE-DIMENSIONAL TRANSITION
1 din/af
J dlnT
d ln f (v ) d ln r
din~ dlnT
T=TSD
(57)
It will now be assumed that the coe@cient8 a, b, and c
are temperature independent and TsD « Tp, so ~a~ a'.
Consequently, the only temperature dependence in the
fiuctuation parameter K is the factor of T [compare
Eq. (9)]. Scalapino, Imry, and Pincus, s Manneville, 4
2 din f(~)J din K, T=TSD (58)
Assuming that the coeKcients a, 6, and c are temperture
independent (57) reduces to
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The specific heat jump, coherence lengths, and critical
region width can now be calculated. It turns out that
they can each be written in a dimensionless form that
only depends on the value of the fluctuation parameter
K at the three-dimensional transition. The specific heat
jump per chain given by (5), (49), and (57) is
~8~s~2 (df(~) )
(p g(v) ( dK )
where (p is the single chain coherence length given by
(15). Hence the specific heat jump only depends on two
quantities, (p and v (or equivalently the interchain cou-
pling) (see Fig. 2). Note that as the coherence length
decreases the specific heat jump increases. For moderate
interchain coupling (J ) 0.05~a]) the specific heat jump
becomes independent of the interchain coupling. The ori-
gin of this independence is not clear.
The longitudinal coherence length is
(p, 2 ( din f(K)l
(p Ap i(~) —Ap p(~) ( dr (60)
ECsDa av(p,
k~ (61)
For the blue bronze Kq 3Mo03 experiment gives
DCsD/kgb = (2.6+0.3) x 10 A. , (p = 15+3 A. , and
a a„= 16 A. which gives ACsDa a„(p,/k~ = 0.6 + 0.2.
The transverse coherence length is
(o* (J ) f din f(e))
( J) q din~ ) (62)
The dependence of the right-hand side on e is fairly weak.
Consequently the transverse coherence length depends
only weakly on the interchain coupling (Fig. 3). This
result is somewhat counterintuitive: it might be expected
that as the interchain coupling increases the transverse
coherence length increases. However, (o is not just de-
termined by the coefBcient C~ but also by the coefficient
A' [$p —(C /A') i~2]. It turns out that both these quan-
tities have roughly the same dependence on J.
A crossover temperature, T, can be defined at which
correlations between chains become weak, by ( (T )
a . ' Hence,
The dependence of the longitudinal coherence length on
the interchain coupling is shown in Fig. 2.
Quantitative comparison of these expressions for the
specific heat jump and longitudinal coherence length with
experimental data is not possible without accurate values
of (p from microscopic theory. However, for all interchain
coupling strengths the product of the specific heat jump
and the longitudinal coherence length, b,C(p„depends
only roughly on the interchain coupling (see the dashed
curve in Fig. 2). Since this quantity is dimensionless it
can be compared with experiment. If AC3D is the specific
heat jump per unit volume then
and it can be seen &om Fig. 3 that for a tetragonal
crystal At 0.1 virtually independent of any param-
eters. This value is comparable to the value obtained for
by Schulz" for a slightly different model involving only
fluctuations in the phase of the order parameter. This
narrow crossover region is consistent with estimates for
Ko 3Mo03 based on x-ray scattering. It may be possi-
ble to argue that this narrow crossover region, which is
comparable to the width of the critical region estimated
below, is consistent with the neglect of interchain fluctu-
ations in the derivation in Sec. III.
The width of the critical region given by the Ginzburg
criterion (8) is
1 J g(K)2[Ap i(~) —Ap p(r)]2
16vr~ J J„„f(~)sd~~"l (64)
Note that for a tetragonal crystal (J = J„=J) this
depends solely on the fluctuation parameter K, . Figure
3 shows the resulting dependence of Lt30 on the inter-
chain coupling. It is striking that the width of the critical
region is independent of any parameters, Lt3D 0.05—
0.08. As for the transverse coherence length this result
is somewhat surprising since intuitively it might be ex-
pected that as the the interchain coupling increases the
system becomes less one dimensional and fluctuations de-
crease. However, this independence is result of the trans-
verse coherence lengths being only weakly dependent on
the interchain coupling. The values obtained for Lt3D
are comparable to the value obtained for by Schulz for a
slightly di6'erent model. It is interesting that even if the
width of the one-dimensional critical region is large, say
of order Tp (i.e. , b,TiD Tp), the actual observable crit-
ical region will be much smaller (AT3D (( TsD (( To).
This small width of the critical region is important be
cause it shows that a mean field treat-ment of the three-
dimensional Ginzburg Landau functi-onal (3) is justified
except in a narrow temperature region close to T3D. Note
that this result is based on the assumption that the tem-
perature dependence of the single-chain parameters a, 6,
and c can be neglected.
The value of Lt3D 0.05—0.08 can be compared
to experimental results. The analysis in Ref. 31 and
the data of Ref. 13 suggests that Lt3D 0.01 for the
CDW transtion in K03Mo03. The data of Ref. 14
suggests that Lt3D 0.01 for the SDW transtion in
(TMTSF)2PFs. It should be stressed that these are very
rough estimates based on the Ginzburg criterion.
Rough estimate of v in several CDW materials. Since
K is such an important parameter it is worthwhile making
a very rough estimate of its value in various materials.
It turns out that most materials lie outside the regime of
validity of the lowest-level approximation, discussed in
the Appendix.
The longitudinal coherence length given by (A15) can
be used to estimate e. Equation (23) and the lowest-
level approximation, (A7), can be used to provide a rough
estimate of (i,
T f(p &'
TsD & a ) (63) (65)
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where (0 is the single-chain coherence length given by
(15). Hence, r is roughly given by
4(2
(2 (66)
(,0 can be estimated from x-ray and neutron scattering
experiments (Table I). Deriving an accurate value of (0
from microscopic theory is a subtle matter which will
not be discussed here. For purposes of this paper it is
suKcient to use the results of the simplest microscopic
theory. In that case
0.23kvy
&(0) (67)
where v~ is the Fermi velocity and E(0) is the zero-
temperature energy gap. Table I lists estimates of (,o,
v~, and K(0) for several materials that undergo a three-
dimensional CDW ordering transition. These values are
used in Eq. (66) to give an order of magnitude estimate
for r in each material. In all the materials K ) 10
suggesting that the lowest-level approximation will give
poor results. Given the experimental uncertainty in the
parameters discussed above it is hoped that this discus-
sion will generate more precise studies of this question.
V. CONCLUSIONS
The main points of this paper are the following. (1)
To derive a reliable Ginzburg-Landau functional to de-
scribe three-dimensional ordering transitions in quasi-
one-dimensional materials one must give a careful treat-
ment of the large intrachain order parameter ffuctua-
tions. (2) Most physical properties are determined by
a single dimensionless parameter r, defined in Eq. (9),
which is a measure of the size of the intrachain ffuctua-
tions. (3) Commonly studied charge-density-wave mate-
rials lie outside the regime of the lowest-level approxima-
tion and so their accurate description requires an exact
treatment of the intrachain Huctuations. (4) If the single-
chain Ginzburg-Landau coefBcients are assumed to be
temperature independent then the width of the three-
dimensional critical region, estimated by the Ginzburg
criterion, is virtually independent of any parameters,
Lt3D 0.05 —0.08.
This paper leaves a number of open questions and op-
portunities for future work. (a) It needs to be established
whether the temperature dependence of the single-chain
Ginzburg-Landau coeKcients a, b, and c is important in
realistic microscopic models. If so how are the results of
Figs. 1, 2, and 3 modified. (b) Quantitative compari-
son of the results here with measurable quantities such as
the specific heat jump and longitudinal coherence length
requires values of the single-chain coherence length (0
Rom microscopic theory. (c) For moderate interchain
coupling the specific heat jump is given by b.C$0 0.7,
independent of the strength of the interchain coupling.
Is there a simple physical argument that can justify this
simple result? (d) This paper treats the intrachain Buc-
tuations exactly and the interchain interactions in the
mean-field approximation. This neglect of the interchain
Huctuations is presumably reasonable if the system is suf-
ficiently anisotropic. It is desirable to have a quantitative
criterion that defines the validity of this treatment. Fur-
thermore, presumably when the interchain interactions
become suKciently strong the system is better described
by an anisotropic XY model in which the Buctuations in
all three directions are treated on an equal footing. It
would be nice to have a description of the crossover from
a transition at TsD (( To [ensured by the criterion (56)]
to the case T3D To for strong interchain coupling. It is
not clear how to attack this problem within any particu-
lar approximation scheme. It may be necessary to use a
numerically intensive technique such as series expansions
or a Monte Carlo simulation. Hopefully this paper will
stimulate such a study.
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APPENDIX: PREVIOUS APPROXIMATE
TREATMENTS OF FLUCTUATIONS
1. Hartree and Hartree-Pock treatment
For completeness these approximations which have
been considered in the literature ' are discussed here.
The replacement
~
P(z)
~
-+ 2q(~ P
~ ) ~ P(z) [ is made
in the free energy functional (1) in the partition function
(17). The cases q = 1 and q = 2 correspond to the
Hartree and Hartree-Fock approximations, respec-
tively. The functional integral is then over a Gaussian
field and can be performed analytically. In eÃect one
makes the Gaussian approximation with
a ~ a+ Z—:a + 2qb{~ P ) ).
The expectation value (~ P ~ ) is calculated self-consis-
tently:
2qb 27r a+ Z+ ck2 2/c(a+ g)=(I+I') =—
(A2)
Consequently, the dimensionless self-energy Z = Z/~a~
satisfies the self-consistent equation
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( q~K
!&2(Z —1))
Since the linear susceptibility is
1
Xr(0) =
the function f(r) in the susceptibility is given by
4(Z —1)
(A4)
(A5)
Note that in the lowest-level approximation the sum on
the left-hand side of (32) is only 1/2.
In the lowest-level approximation the dimensionless
function g(r) in the third-order susceptibility is given
by
gr =4 I (&o,ill luo, p) I'
(&o,r —&o,o)'
2I &~o, ils Iup, o& I'I &uo, ~l~l», o) I'
(Ao i —Ap p) (Ap g —Ao i) 2rs
(A11)
The results of the Hartree and Hartree-Fock approxima-
tions are shown as dashed curves in Fig. 4; they are in
qualitative but not quantitative agreement with the ex-
act results. As r i 0, Z ~ 1, and so (A3) implies
Z —i 1 + q~r/2. Hence, this approximation gives
(A6)
2. The lowest-level approximation
Close to the three-dimensional ordering transition z ((
1. This limit corresponds to the semiclassical limit of the
Schrodinger-type equation (28). Previously a Gaussian
wave function, sharply peaked at p = 1, has been used
as a variational ground state wave function for (28). The
results are
2G C
$2T2 (A12)
Solving (53) for the transition temperature gives
Figure 5 shows how the results of (A10) and (All) devi-
ate significantly from the exact results for e ) 10 . Pre-
viously Bishop and Krumhansl pointed out the short-
comings of the lowest-level approximation for the case of
a real order parameter.
The three-dimensional transition. Scalapino, Imry,
and Pincus, 3 Manneville, and Dieterich studied the
three-dimensional transition using the lowest-level ap-
proximation (defined in Appendix A2), i.e. , they as-
sumed that only the lowest eigenstate (for n = 0) for each
of the angular momentum values E = 0, +1, and 6 2, is
important. As mentioned earlier they also assumed that
the single-chain coefBcients a, b, and c are independent of
temperature. The zero-wave-vector linear susceptibility
is given by
o,e
—Ao, o = K
2 (A7)
In this approximation the correlation length [given by
(9), (23), and (A7)] is
T,D = v'2Jc
b
(A13)
Equation (59) for the specific heat jurnp reduces to
(r(&) = (A8) LC= 1671 (A14)
This result was given previously in Refs. 3, 4, and 6. In
this limit it is to be expected that p has an expectation
value of 1 in the ground state. If it is further assumed
that the n = 0 states form a complete set (the lowest-
level approximation) then
1 = (rio, olp liio, o) = (rio, pipe ).Iiio,e)(uo, el
e
The coherence length parallel to the chains is
(A15)
(A16)
The transverse coherence lengths (for J = J„) are
xpe* Irido, o) =I (uo, ilaliio, o) I
Expression (31) then reduces to
(A9)
The above expressions (A13)—(A16) were previously ob-
tained by Manneville and Dieterich.
In the lowest-level approxiination the expression (64)
for the width of the critical region (for J = J„) reduces
to
(A10) f
7'l'
AtsD = ! —I 0.08.(8~) (A17)
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